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Abstract
Ruin and related problems are studied for a risk business with compounding assets when the
cash ow and the cumulative interest rate are diusion processes with coecients depending on
the time and on the current cash balance. Dierential equations are obtained for the probabilities
of ruin at a given date, in nite time, and in innite time. Some previously known explicit
formulas related to Brownian motion come out as special cases. Relationships between crossing
probabilities and transition probabilities are investigated and, in particular, existing results on the
probability distribution of the running maximum of a Brownian motion and on the relationship
between the probability of ruin and on the probability distribution of the discounted total pay-
ments are generalized. Proofs rest on a martingale technique. c© 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction
1.1. Aspects and background of the study
The present work addresses the issue of ruin of an insurer who is exposed not only
to the traditional liability risk related to the insurance portfolio (also called insurance
risk), but also to asset risk related to the investment portfolio (also called nancial
risk).
The probability of ruin has been investigated in models with both kinds of risk
by several authors. Schnieper (1983) combines the classical compound Poisson claims
process with a force of interest that changes in accordance with a discrete Markov chain
at Poisson times. Paulsen (1993) works with a quite general semimartingale set-up with
a number of specializations to claims and interest driven by Poisson processes and=or
Brownian motions with stationary increments. Ruohonen (1980) allows the process
coecients to depend on the current cash balance, as did Aase (1985) in a work with
a somewhat dierent purpose. Before that Gerber (1971) and Harrison (1977) among
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others made important preparatory work by incorporating in their studies of ruin the
nancial side of the risk business in the form of non-stochastic interest. Garrido (1989)
added to their results in a Brownian motion scenario.
The model framework of the present study is diusion processes, and one major
aspect is to demonstrate a simple technique of proof that oers an easy route to many
previously known results.
1.2. Outline of the paper
Section 2 is kept in general terms and stages basic concepts and issues related to an
insurance business that is subject to risk arising from volatility in claims liabilities as
well as in returns on assets. Section 3 presents a model specifying that the net cash
ow of claims less premiums is a diusion process with coecients depending on the
current cash balance and that the same is the case also for the cumulative force of
interest. The cash balance process is then a diusion. Section 4 establishes general
dierential equations for the probabilities of ruin at a given date, in nite time, and in
innite time. The proofs rest on an analysis of the martingale generated by the event of
ruin (in each sense listed). Section 5 is devoted to studies of special cases. A number
of results previously obtained by other and more complicated techniques come easily
out of the present method. Finally, Section 6 generalizes the well-known result that
for standard Brownian motion the running maximum up to time t is distributed as the
absolute value of the state at time t and, furthermore, Harrison’s relationship between
the probability of ruin and the probability distribution of the discounted total payments
is extended from the stationary to the time-homogeneous case.
2. Basic concepts and issues
2.1. The cash balance process
We consider an insurance business commencing at time 0, say, and denote by Bt
the total amount of insurance claims less premiums paid in the time interval [0; t].
Money is currently invested in (or borrowed from) an account that bears interest. If
there exists a force of interest t at each time t (also called instantaneous rate of
return), then the value at time t of a unit invested at time 0 is et with t =
R t
0  d.
Correspondingly, the value at time 0 of a unit payable at time t is e−t and, in general,
the value at time t of a unit due at time s is et−s , a discount factor if s>t and an
accumulation factor if s6t.
At time 0 the insurer deposits an amount X0 to meet possible future excess of claims
over premiums. Denote by Xt the cash balance of the insurer at time t. The relation
Xt = et

X0 −
Z t
0
e− dB

(2.1)
expresses the obvious fact that the cash balance at time t is made up of the initial capital
deposited minus net outgoes up to time t, all amounts accumulated with compound
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interest. We readily deduce the more general and equally obvious recursive relationship
Xu = eu−t

Xt −
Z u
t
e−(−t) dB

; (2.2)
valid for t6u.
2.2. Liability risk, asset risk, and notions of ruin
At the base of everything is a probability space (
;F;P) with a suitable ltration F=
fFtgt>0; where Ft is a sub-sigmaalgebra of F representing the information available
at time t.
Liability risk is accommodated by letting fBtgt>0 be a stochastic process, and we
take it to be an F-semimartingale (implying that it is F-adapted and right-continuous
with left-limits) and assume it has nite expectation. Likewise, asset risk is introduced
by letting ftgt>0 be an F-semimartingale (not necessarily of the form of a Lebesgue
integral of a force of interest).
A central issue in actuarial risk theory is the possible ruin of the insurer, dened
as the event that the cash balance falls to zero. There are dierent variations of this
concept, depending on the time horizon chosen. Taking our stand at time t, we shall
be concerned with the probability of ruin at a given date u (>t),
~ (t; x; u) = P[Xu60 jXt = x] (2.3)
= P
Z u
t
e−(−t)dB>x jXt = x

; (2.4)
where the latter equality follows from (2.2), the probability of ruin in nite time,
 (t; x; u) = P

inf
s2[t;u]
Xs60 jXt = x

(2.5)
= P
"
sup
s2[t;u]
Z s
t
e−(−t)dB>xjXt = x
#
; (2.6)
and the probability of ruin in innite time,
 (t; x;1) = P

inf
s>t
Xs60 jXt = x

(2.7)
= P

sup
s>t
Z s
t
e−(−t) dB>x jXt = x

: (2.8)
The expressions in (2.4), (2.6), and (2.8) show that we are really interested in tail
probabilities of the discounted claims less premiums after time t, either their total at
date u (<1) or their running maximum up to time u (61).
In (2.3){(2.8) we have anticipated, what will turn out to be the case throughout this
study, that the cash balance process X is Markov. In general the relevant probabilities
would be conditional on Ft , all information available at time t.
We also note that the event of ruin might equally reasonably be dened by making
all inequalities in (2.3){(2.8) strict. That would, however, give the same probability
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of ruin in most non-pathological models, and certainly so in the present context where
the cash balance process will invariably be of diusion type.
3. A diusion model for the cash balance
3.1. Preliminaries: Brownian liabilities and assets
Having in mind an insurance portfolio that is made up of a large number of in-
dependent individual risks, none of which is large enough to aect the total result
signicantly, we approximate the payment function B by a Brownian motion with
drift, that is,
Bt =−t − bWb; t ;
where  and b are constants and Wb is a standard Brownian motion. Here  represents
the expected gain per time unit due to a safety loading in the premium, and b is the
standard deviation of the total payments per time unit and is thus a measure of the
size of the liability risk.
Likewise we assume that also the log accumulation factor  is a Brownian motion
with drift,
t = t + dWd; t ;
with  and d constants and Wd a standard Brownian motion. The diusion coecient
d is a measure of the size of the asset risk. Taking it positive amounts to adding
white noise to a constant force of interest. (Beware that the force of interest does not
exist if d 6= 0 since the path of the process Wd is nowhere dierentiable.)
We assume that Wb and Wd are independent, which means that liabilities and assets
are governed by unrelated mechanisms.
Applying the change of variable formula (see, e.g. Protter, 1990) to (2.1), we nd
dXt = (Xt(+ 12
2
d) + ) dt + Xtd dWd; t + b dWb; t : (3.1)
3.2. A more general diusion model
Let us gather the diusion terms in (3.1) and put
Xtd dWd; t + b dWb; t = (X 2t 
2
d + 
2
b)
1=2dWt; (3.2)
that is, Wt =
R t
0 (X
2
s 
2
d + 
2
b)
−1=2(XsddWd; s + bdWb; s). It follows immediately that W
is a continuous martingale with quadratic variation [W ]t= t and so, by Theorem 6:1 in
Chung and Williams (1990), it must be a standard Brownian motion. Therefore, since
the distribution of the cash balance process is all that matters in our study, we may as
well treat (3.1) as a special case of a stochastic dierential equation of the form
dXt = (t; Xt) dt + (t; Xt) dWt; (3.3)
with W a standard Brownian motion, and we could take Ft = fWs; 06s6tg. Indeed,
all we shall need in establishing the dierential equations for the ruin probabilities, are
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(3.3) and the dierential form of the variance process,
d[X ]t = 
2(t; Xt) dt: (3.4)
In view of (3.1) and (3.2) we will take particular interest in the parametrization
(t; x) = x((t; x) + 12
2
d(t; x)) + (t; x); (3.5)
2(t; x) = x22d(t; x) + 
2
b(t; x); (3.6)
which arises from the model in the previous paragraph extended so that the coecients
; b; , and d may depend on the time and the current cash balance.
Allowing the coecients to depend on the cash balance opens for various issues of
active solvency control that cannot be accommodated in the framework of classical risk
theory. For instance, a decrease in the cash balance may be countered by increasing
the premium rate (take (t; x) a decreasing function of x) or by reallocating assets to
safer, but less protable, securities (take d(t; x) and (t; x) to be increasing functions
of x).
3.3. Regularity conditions
It is assumed throughout that the coecients (t; x) and (t; x) are suciently smooth
to admit a unique time-continuous solution to (3.3), confer e.g. Karatzas and Shreve
(1991) and Iksendal (1992). It is, furthermore, assumed that the coecients are su-
ciently smooth to ensure existence and continuity of all derivatives displayed in what
follows. For instance, ~ (t; x; u) in (2.3) is assumed to be continuously dierentiable
along t and twice continuously dierentiable along x.
4. Probabilities of ruin and related events
4.1. Transition probabilities and the probability of ruin at a given date
Since X is a Markov process, its distribution properties are determined by the tran-
sition probabilities
~P(t; x; u; y) = P[Xu6y jXt = x]; (4.1)
06t6u; x; y 2 R. We set out by deriving a dierential equation for this function. For
xed u and y we introduce the martingale
Mt = P[Xu6y jFt] = ~P(t; Xt ; u; y); (4.2)
06t6u, where the second equality is due to the Markov property. Now, form the
dierential in (4.2), applying the change of variable formula to the expression on the
right and using (3.3) and (3.4), to obtain
dMt =
@
@t
~P(t; Xt ; u; y) dt +
@
@x
~P(t; Xt ; u; y)((t; Xt) dt + (t; Xt) dWt)
+
1
2
@2
@x2
~P(t; Xt ; u; y)2(t; Xt) dt:
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Switch the term with the factor dWt over to the left-hand side. Since M and W are
martingales, also what remains on the right must be (the increment of) a martingale, and
being continuous and of bounded variation, it must be constant (Chung and Williams,
1990, Corollary 4:5). (We need here to assume that
R
(@=@x) ~P(t; Xt ; u; y)(t; Xt) dt is
nite a.s.) Since the range of (t; Xt) is all of (0; u)  R, we arrive at the following
result.
Theorem 1. The transition probability in (4:1) satises the dierential equation
@
@t
~P(t; x; u; y) +
@
@x
~P(t; x; u; y)(t; x) +
1
2
@2
@x2
~P(t; x; u; y)2(t; x) = 0; (4.3)
subject to the conditions
~P(u; x; u; y) =

1; x6y;
0; x>y;
(4.4)
~P(t;−1; u; y) = 1; 06t <u; (4.5)
~P(t;1; u; y) = 0; 06t <u: (4.6)
In particular we have obtained dierential equations for the probability (2.3) of ruin
at date u, which is just
~ (t; x; u) = ~P(t; x; u; 0):
4.2. Crossing probabilities and the probability of ruin in nite time
Consider now the conditional probability distribution of the minimum attained by
the cash balance process in a nite time interval,
P(t; x; u; y) = P

inf
s2[t;u]
Xs6y jXt = x

; (4.7)
06t6u; x; y 2 R. For xed u and y, introduce the martingale
Mt = P

inf
s2[0;u]
Xs >y jFt

= It (1− P(t; Xt ; u; y)); (4.8)
where
It = 1

inf
s2[0; t]
Xs >y

:
We denote by 1[A] the indicator function of an event A. The process fItgt>0 is
certainly a semimartingale (it is 1 up to the time of the rst crossing and thereafter
0). The second equality in (4.8) rests on the Markov property.
Now form the dierential in (4.8), applying the change of variable formula on the
right, noting that the continuous part of the indicator function It is constant, and using
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(3.3) and (3.4):
dMt =−It @@t P(t; Xt ; u; y) dt − It
@
@x
P(t; Xt ; u; y)((t; Xt) dt + (t; Xt) dWt)
− It 12
@2
@x2
P(t; Xt ; u; y)2(t; Xt) dt
+ It(1− P(t; Xt ; u; y))− It−(1− P(t−; Xt− ; u; y)):
The jump part, which consists of the last two terms on the right, is 0 a.s. since
It(1− P(t; Xt ; u; y)) is continuous (also at the possible point of rst crossing, where it
is 0). From here argue as in the proof of Theorem 1, to arrive at the following result:
Theorem 2. The crossing probability in (4:7) satises the dierential equation
@
@t
P(t; x; u; y) +
@
@x
P(t; x; u; y)(t; x) +
1
2
@2
@x2
P(t; x; u; y)2(t; x) = 0; (4.9)
subject to the conditions
P(u; x; u; y) =

1; x6y;
0; x>y;
(4.10)
P(t; y; u; y) = 1; 06t <u; (4.11)
P(t;1; u; y) = 0; 06t <u: (4.12)
In particular we have obtained dierential equations for the probability (2.5) of ruin
in nite time,
 (t; x; u) = P(t; x; u; 0):
4.3. The time-homogeneous case
In the time-homogeneous case, when the coecients  and  are independent
of t, the functions (4.1) and (4.7) depend on t and u only through u − t. It is
then serviceable to introduce the three-parameter functions ~P(x; u; y)= ~P(0; x; u; y) and
P(x; u; y) = P(0; x; u; y) (allowing a slight abuse of notation) and, correspondingly, put
~ (x; u) = P[Xu60 jX0 = x]; (4.13)
and
 (x; u) = P

inf
s2[0;u]
Xs60 jX0 = x

: (4.14)
It is worthwhile spelling out the following direct consequences of Theorems 1 and 2,
noting that  (x; u) = P(T − u; x; T; 0) and ~ (x; u) = ~P(T − u; x; T; 0):
Corollary 1. The probability (4:13) of ruin at date u solves the dierential equation
− @
@u
~ (x; u) +
@
@x
~ (x; u)(x) +
1
2
@2
@x2
~ (x; u)2(x) = 0; (4.15)
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subject to the conditions
~ (x; 0) =

1; x60;
0; x> 0;
(4.16)
~ (−1; u) = 1; u> 0; (4.17)
~ (1; u) = 0; u> 0: (4.18)
Corollary 2. The probability (4:14) of ruin within time u solves the dierential
equation
− @
@u
 (x; u) +
@
@x
 (x; u)(x) +
1
2
@2
@x2
 (x; u)2(x) = 0; (4.19)
subject to the conditions
 (x; 0) =

1; x60;
0; x> 0;
(4.20)
 (0; u) = 1; u> 0; (4.21)
 (1; u) = 0; u> 0: (4.22)
Usually numerical methods have to be employed to calculate the nite time probabil-
ities from the partial dierential equations in Corollaries 1 and 2. For the probability of
ruin in innite time the situation is simpler. In the time-homogeneous case it becomes
a function of only one variable:
 (x) = P

inf
s>0
Xs60 jX0 = x

: (4.23)
In short we denote its rst and second derivatives by  0 and  00, respectively. Corollary
2 specializes to:
Corollary 3. The probability (4:23) of ruin in innite time satises the ordinary dif-
ferential equation
 0(x)(x) + 12 
00(x)2(x) = 0; (4.24)
subject to the conditions
 (0) = 1; (4.25)
 (1) = 0: (4.26)
Remark 1. Conditions (4.25) and (4.26) are really assumptions that have to be veried
independently by probabilistic arguments. Roughly speaking, the rst one is satised if
the diusion part of the cash balance process does not vanish at zero, and the second
one is satised if, from any positive value, the cash balance process drifts almost surely
to plus innity.
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Remark 2. The function  dened by (4.24) is recognized as the scale function of
the diusion with bounds given by (4.25) and (4.26), see Karatzas and Shreve (1991,
p. 339).
If the indenite integral of the function (x)=2(x) is well dened for all x> 0, then
(4.24) integrates to
 0(x) = h(x); (4.27)
where
h(x) = c exp

−2
Z
(x)
2(x)
dx

(4.28)
with c constant. Ruohonen (1980) observes that if h in (4.28) is integrable over the
interval (0;1), then the solution to (4.27) subject to (4.25){(4.26) is
 (x) =
R1
x h(z) dzR1
0 h(z) dz
: (4.29)
Letting Z a random variable with cumulative distribution H obtained by norming h to
a probability density, we get
 (x) =
1− H (x)
1− H (0) = P[Z >x jZ > 0]: (4.30)
By this device one can sometimes obtain the solution directly by recognizing h as (the
essential part of) a standard probability density.
5. Special cases
5.1. Model and perspective
The present section is devoted to studies of the special situation in (3.1), where
, b, , and d are constants. Then, by virtue of (3.5) and (3.6), X is indeed time
homogeneous and (4.24) applies. In this situation explicit formulas are obtained for
the probability (4.23) of ruin in innite time. We shall discuss how this probability
depends on the parameters and in particular be concerned with the impact of stochastic
interest with a view to Lundberg’s upper bound,
 (x)6e−Rx; (5.1)
and the Cramer{Lundberg asymptotic approximation for x %1,
 (x)  Ce−Rx; (5.2)
which are valid for a broad class of risk models without interest, see, e.g. Grandell
(1991).
With a view to (3.3), we leave verication of regularity assumptions aside here,
referring to Paulsen (1993).
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5.2. No interest; the probability of Brownian motion crossing a straight line
First take > 0 and b> 0 while  = d = 0. Then  (x) is the probability that
the Brownian motion with negative drift, −t − bWb; t , ever attains the level x or,
equivalently, that the Brownian motion −bWb; t ever crosses the straight line x + t.
This problem is a classic in stochastic analysis, and the solution is well known, see,
e.g. Lerche (1986):
 (x) = exp

−2
2b
x

: (5.3)
Note the symmetry in the slope  and the intercept x.
The result follows readily by our method. Conditions (4.25) and (4.26) are satised
since −t−bWb; t is a Brownian motion starting from 0, with negative drift and hence
a nite maximum. Now (4.28) becomes
h(x) = c exp

−2
2b
x

;
which is recognized as (essentially) the density of the exponential distribution with
parameter 2=2. Thus (5.3) follows by the device (4.30).
The exponential form of (5.3) could have been derived directly upon noting that, in
order to ever reach the level x1 + x2, with x1 and x2 non-negative, the cash balance
must rst climb to x1 and from there it must, starting from scratch, climb another
elevation x2. It follows that  (x1 + x2) =  (x1) (x2), which is the functional equation
of the exponential function.
Lundberg’s upper bound is easily found by discretization. The probability of ruin at
some time t = nh, n= 1; 2; : : : ; is
 (h)(x) = P
2
4 1[
n=1
nX
j=1
X (h)j >x
3
5
where X (h)j =−h− b(Wjh −W(j−1)h). The X (h)j are i.i.d. selections from the normal
distribution N (−h; h2b), with moment generating function
(h)(r) = exp

−hr + h
2
b
2
r2

:
In this random walk case the coecient R is Lundberg’s upper bound is the largest
solution to (h)(r) = 1. We nd R = 2=2b, independent of h. Combining this result
with  (x) = limh!0  (h)(x), we arrive at
 (x)6exp

−2
2b
x

;
that is, the Lundberg upper bound is the same as the exact solution (5:3).
5.3. Deterministic interest
If d = 0, which means that there is no asset risk, then (x) = x+  and 2 = 2b.
Assume that , , and b are all strictly positive so that the conditions (4.25) and
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(4.26) are satised. Now (4.28) becomes
h(x) = c exp
 
− 
2b

x +


2!
; (5.4)
which is recognized as the essential part of the density of N (−=; 2b=2). It follows
that H in (4.30) is
H (x) = 

x + =
b=
p
2

; (5.5)
where  is cumulative distribution function of N (0; 1). Harrison (1977) reported this
result.
To examine the form of the function  , insert (5.4) in (4.29) and put
a=

b
p

; b=
p
x
b
;
to obtain
 (x) =
R1
a+b exp(−t2) dtR1
a exp(−t2) dt
=
R1
a exp(−(t + b)2) dtR1
a exp(−t2) dt
= exp(−b2)
R1
a exp(−t2 − 2tb) dtR1
a exp(−t2) dt
6 exp(−b2 − 2ab)
= exp

−x
2 + 2x
2b

: (5.6)
It is seen that the probability of ruin has a superexponential upper bound. In fact it
is the probability of ruin (5.3) in the case without interest multiplied by the factor
exp (−x2=2b), which governs the behaviour for large x. Thus, ceteris paribus, xed
positive interest improves greatly on the ruin probability.
5.4. Deterministic payments; the perpetuity with geometric Brownian interest
Now consider the special case with no liability risk; b=0. Then non-ruin is trivially
certain unless the payments are net benets paid out by the insurer. Thus, we now take
 to be negative and can as well put  =−1. Then
 (x) = P

inf
s>0

x −
Z s
0
e−−dWd; d

60

= P[Z>x];
where
Z =
Z 1
0
e−−dWd; d
is the present value of a perpetual annuity, also called perpetuity.
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In this case (x) = x(+ 2d=2)− 1 and 2(x) = x22d, and (4.28) becomes
h(x) = cx−(2=
2
d+1)exp

− 2
2dx

:
This is recognized as (essentially) the density of a so-called inverse gamma distribution,
that is, Z−1 is gamma distributed with shape parameter 2=2d and scale parameter
2d=2. The case is discussed more extensively in Norberg (1995). Dufresne (1990),
who discovered this result, used a quite dierent technique.
5.5. Bivariate Brownian motion with drift
Finally, assume that ; b; , and d are all strictly positive. Then (4.28) becomes
h(x) = c

2d
2b
x2 + 1
−(=2d+1=2)
exp

− 2
bd
arctan

d
b
x

;
and we have rediscovered Paulsen’s (1993) result.
Since the arctan function is bounded, we obtain from (4.29) that
 (x)6c0
Z 1
x
z−(2=
2
d+1)dz = cx−2=
2
d
for some constants c0 and c, and also
 (x)  cx−2=2d :
Thus, the probability of ruin is asymptotically of subexponential form and so behaves
poorer than in classical risk models without interest, confer (5.1) and (5.2). This means
that the insurer’s possibility of survival does not necessarily improve by the introduction
of yields on investments; if interest is volatile to the extent of Brownian motion, with
a possibility of turning negative, then it creates asset risk with an adverse eect.
In the special case considered in the previous paragraph the probability behaves
asymptotically as here. However, in that case, with payments being certain outgoes, it
is of course only the earned interest that can create a chance of survival.
6. Relationships between crossing probabilities and transition probabilities
6.1. A relationship between the probability of ruin and the probability distribution
of the discounted total payments in the time-homogeneous case
Consider now the time-homogeneous case in (4.3). Rewrite (2.1) as
Xt = et (X0 − Zt); (6.1)
where
Zt =
Z t
0
e− dB (6.2)
is the present value at time 0 of the payments in [0; t]. Assume that Z1<1 a.s.
and put
H (x) = P[Z16x jX0 = x]: (6.3)
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For xed X0 = x consider the martingale
Mt = P[Z16x jFt]: (6.4)
Use Z1 = Zt +
R1
t e
− dB and (6.1) to rewrite the expression on the right of (6.4)
as
P
Z 1
t
e−(−t)dB6Xt jFt

:
Now, by the homogeneity and Markov properties, the conditional distribution ofR1
t e
−(−t) dB, given Ft with Xt = x, is the same as the distribution of Z1 for
xed X0 = x, hence
Mt = H (Xt):
By the change of variable formula,
dMt = H 0(Xt)((Xt)dt + (Xt) dWt) + 12H
00(Xt)2(Xt)dt:
Proceeding as in (4.1), we nd that H satises the same dierential equation on R
as  satises on R+. It follows that the function dened on R+ by the expression
(1−H (x))=(1−H (0)) satises the same dierential equation and conditions as  , and
so H in (6.3) must be precisely the one appearing in (4.30).
This result was rst established by Harrison (1977) under the stronger assumptions
that the risk process has stationary increments and that interest is xed and determin-
istic. His technique of proof was dierent, and it is worthwhile demonstrating that it
carries over to the more general case studied here: Start from H dened by (6.3).
Fix X0 = x and dene the stopping time T = infft; Zt>xg= infft; Xt60g. Applying
Doob’s optional sampling theorem for a.s. convergent martingales with a last element
(Karatzas and Shreve, 1991) to 1−M , with M dened by (6.4), we get
1− H (x) = P[Z1>x jX0 = x]
=
Z
fT<1g
P[Z1>x jFT ] dP
=
Z
fT<1g
P
Z 1
T
e−(−T ) dB >XT jFT

dP:
Now XT = 0 on the set fT <1g and so, by the homogeneity and strong Markov
properties, the integrand in the last expression is just 1−H (0). Therefore, since  (x)=
P[T <1jX0 = x], we obtain
1− H (x) = (1− H (0)) (x)
and have again identied the function H in (4.30) as being the one in (6.3).
The representation (6.3) is useful in situations where the distribution of Z1 can be
derived by direct reasoning. For instance, in the situation of (5.3) we have
Z1 =−
Z 1
0
e−( d+ b dWb;) =− − b
Z 1
0
e− dWb;;
which is normally distributed with mean −= and variance 2b=2. Thus, we have
again arrived at (5.5).
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6.2. A relationship between crossing probabilities and transition probabilities in
nite time
Theorems 1 and 2 show that the transition probabilities and the crossing probabilities
in nite time satisfy the same dierential equation, but in dierent domains and sub-
ject to dierent conditions. Encouraged by the results in the previous paragraph, one
may hope for possibilities of determining the crossing probability P in (4.7) from the
(presumably) simpler transition probability ~P in (4.1) by just conditioning or scaling
the latter in the relevant domain.
This loose conjecture is supported by the following classical result for the running
maximum of a standard Brownian motion W starting at W0 = 0:
P[ sup
s2[0; t]
Ws6x] = P[jWt j6x] = P[Wt6xjWt > 0]: (6.5)
The traditional proof of (6.5) rests on the reection principle. Alternatively it is ob-
tained as a corollary to the following result:
Theorem 3. If ~P(t; x; u; x) for xed u is independent of (t; x) 2 [0; u] [y;1]; then;
P(t; x; u; y) =
~P(t; x; u; y)
~P(t; x; u; x)
: (6.6)
Proof. Just verify that the function on the right of (6.6) ts into the dierential equation
and the conditions in Theorem 2.
The condition in the theorem says that the process X should have a constant prob-
ability of falling below its current level at any given future time. This holds for the
standard Brownian motion, and (6.5) follows.
More generally, consider an Ito^ process X with deterministic coecients of drift and
diusion;
Xu = Xt +
Z u
t
(() d+ () dW):
Then
~P(t; x; u; y) = 
 
y − x − R ut () d
(
R u
t 
2() d)1=2
!
;
and the condition in Theorem 3 is satised if the ratio between
R u
t () d and
(
R u
t 
2() d)1=2 is constant in [0; u]. In particular it holds if (t) = 0, which cov-
ers standard Brownian motion. It also holds if, e.g.  is constant and 2(t) = c(u− t)
for t <u, with c constant.
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